Bj orner and Wachs generalized the de nition of shellability by dropping the assumption of purity; they also introduced the h-triangle, a doubly-indexed generalization of the h-vector which is combinatorially signi cant for nonpure shellable complexes. Stanley subsequently de ned a nonpure simplicial complex to be sequentially Cohen-Macaulay if it satis es algebraic conditions that generalize the Cohen-Macaulay conditions for pure complexes, so that a nonpure shellable complex is sequentially Cohen-Macaulay.
Introduction
A simplicial complex is pure if all of its facets (maximal faces, ordered by inclusion) have the same dimension. Cohen-Macaulayness, algebraic shifting, shellability, and the h-vector are signi cantly interrelated for pure simplicial complexes. We will be concerned with extending some of these relations to nonpure complexes, but rst, we brie y review the pure case. More detailed de nitions are in later sections.
A simplicial complex is Cohen-Macaulay if its face-ring is a Cohen-Macaulay ring (an algebraic property), or, equivalently, if the complex satis es certain topological conditions (see, e.g., St3, St6] ). In particular, the complex must be pure. A pure simplicial complex is shellable if it can be constructed one facet at a time, subject to certain conditions (see, e.g., Bj1, BW1]). A shellable complex is Cohen-Macaulay, and the h-vector of a CohenMacaulay or shellable complex has natural combinatorial interpretations.
Algebraic shifting is a procedure that de nes, for every simplicial complex K, a new complex (K) with the same h-vector as K and a nice combinatorial structure ( (K) is shifted).
Additionally, algebraic shifting preserves many algebraic and topological properties of the original complex, including Cohen-Macaulayness; a simplicial complex is Cohen-Macaulay if and only if (K) is Cohen-Macaulay, which, in turn, holds if and only if (K) is pure. Thus, it is easy to tell whether K is Cohen-Macaulay, if (K) is known. (See, e.g., BK1, BK2] .)
Now we are ready for the nonpure case. Bj orner and Wachs' generalization of shellability to nonpure simplicial complexes, made by simply dropping the assumption of purity BW2, BW3] , generated a great deal of interest, and sparked the generalization of several other related concepts SWa, SWe, BS, DR]. In particular, Stanley introduced sequential Cohen-Macaulayness St6, Section III.2], a nonpure generalization of Cohen-Macaulayness, and designed the (algebraic) de nition so that a nonpure shellable complex is sequentially Cohen-Macaulay, much as a shellable complex is Cohen-Macaulay. Meanwhile, joint work with L. Rose DR] shows that algebraic shifting preserves the h-triangle (a nonpure generalization of the h-vector) of nonpure shellable complexes. These developments prompted A. Bj orner (private communication) to ask, \Does algebraic shifting preserve sequential Cohen-Macaulayness?" and \Does algebraic shifting preserve the h-triangle of sequentially Cohen-Macaulay simplicial complexes?" Shifted complexes are nonpure shellable and hence sequentially Cohen-Macaulay, so (K) is always sequentially Cohen-Macaulay. Thus, the \obvious" generalization, \K is sequentially Cohen-Macaulay if and only if (K) is sequentially Cohen-Macaulay," is trivially false. Bj orner's rst question may be restated as, \Can one use (K) to tell if a simplicial complex K is sequentially Cohen-Macaulay?" Our main result is to answer both of Bj orner's questions simultaneously, by showing that algebraic shifting preserves the h-triangle of a simplicial complex if and only if the complex is sequentially Cohen-Macaulay (Theorem 5.1).
In Section 2, we introduce basic de nitions, including the f-triangle and the h-triangle.
Cohen-Macaulayness and sequential Cohen-Macaulayness are discussed in Section 3, and algebraic shifting in Section 4. In Section 5, we prove our main result. Finally, Section 6 contains two corollaries concerning nonpure shellability and iterated Betti numbers (a nonpure generalization of homology Betti numbers), and a conjecture on partitions of sequentially Cohen-Macaulay complexes.
Degree and dimension
We start with some basic de nitions that are used throughout. A simplicial complex K is a collection of nite sets (called faces) such that F 2 K and G F together imply that G 2 K. We allow K to be the empty simplicial complex ; consisting of no faces, or the simplicial complex f;g consisting of just the empty face, but we do distinguish between these two cases. A subcomplex of K is a subset of faces L K such that F 2 L and G F imply G 2 L. A subcomplex is a simplicial complex in its own right. An order lter of K is a subset of faces J K such that F 2 J and F G 2 K imply G 2 J.
The dimension of a face F 2 K is dimF = jFj ? 1, and the dimension of K is dimK = maxfdimF: F 2 Kg. The We may extend this by de ning K (r;s) to be the empty simplicial complex when r > dimK.
Clearly, K (r;s) is a subcomplex of K. We will frequently make use of the following special cases, the latter two rst considered (though not named) in BW2]: K (s) = K (?1;s) , the s-skeleton of K; K <r> = K (r;dimK) , the rth sequential layer, the subcomplex of all faces of K whose degree is at least r + 1 (equivalently, the subcomplex generated by all facets whose dimension is at least r); and K i] = K (i;i) , the pure i-skeleton, the pure subcomplex generated by all i-dimensional faces. De nition (Bj orner-Wachs) . Let 
Algebraic shifting
Algebraic shifting transforms a simplicial complex into a shifted simplicial complex with the same f-vector, and also preserves many algebraic properties of the original complex. If S = fs 1 < < s j g and T = ft 1 < < t j g are j-subsets of integers, then: S P T under the standard partial order if s p t p for all p; and S < L T under the lexicographic order if there is a q such that s q < t q and s p = t p for p < q .
A collection C of k-subsets is shifted if S P T and T 2 C together imply that S 2 C. A simplicial complex K is shifted if the set of j-dimensional faces of K is shifted for every j.
De nition (Kalai) . Let K be a simplicial complex with vertices V = fe 1 ; : : : ; e n g linearly ordered e 1 < < e n . Let (kV ) denote the exterior algebra of the vector space kV ;
it has a k-vector space basis consisting of all the monomials e S := e i 1^ ^e i j , where S = fe i 1 < < e i j g V (and e ; = 1). Let I K be the ideal of (kV ) generated by fe S : S 6 2 Kg, and letx denote the image modulo I K of x 2 kV . Let ff 1 ; : : : ; f n g be a \generic" basis of kV , i.e., f i = P n j=1 ij e j , where the ij 's are n 2 transcendentals, algebraically independent over k. De ne f S := f i 1^ ^f i k for S = fi 1 < < i k g (and set f ; = 1). Let (K) := fS n]:f S 6 2 spanff R : R < L Sgg be the algebraically shifted complex obtained from K. As the name implies, (K) is a shifted simplicial complex, and it is independent of the numbering of the vertices of K or the choices of ij .
As is often the case with algebraic shifting, we do not use the de nition directly, but rather some theorems that characterize the results of algebraic shifting. The following result is the central property of algebraic shifting for our purposes.
Proposition 4.4 (Kalai) . Let Because K <i> is a subcomplex of K, it follows that (K <i> ) is a subcomplex of (K), making the complement (K)n (K <i> ) an order lter of (K). Furthermore, K <i> contains all the faces of K whose dimension is at least i, so by Corollary 4.3, (K <i> ) contains all the faces of (K) whose dimension is at least i. Thus (K)n (K <i> ) is an order lter of (K), all of whose faces have dimension less than i. Every face in (K)n (K <i> ) has degree in (K) less than i + 1, then, so
Taking complements establishes part (a).
Next, deg (K) <i> i + 1, so Lemma 2.1(a) applied to the set inclusion in part (a) implies (K) <i> (K <i> ) <i> ; (6) on the other hand, (K <i> ) (K), so Lemma 2.1(b) implies (K <i> ) <i> (K) <i> :
(7) Combining inclusions (6) and (7), we get (K <i> ) <i> = (K) <i> : (8) It is easy to see that (K <i> ) = (K <i> ) <i> holds precisely when deg (K <i> ) i + 1; with equation (8), this establishes part (b).
Main theorem
We now prove our main result.
Theorem 5.1. Let 
Further results
We now discuss two corollaries that follow immediately from Theorem 5.1, and a conjecture suggested by Theorem 5.1. The rst corollary is that the characterizations of the h-triangle of nonpure shellable, sequentially Cohen-Macaulay, and shifted complexes coincide. The second corollary extends a result about iterated Betti numbers (a nonpure generalization of reduced homology Betti numbers) from nonpure shellable to sequentially Cohen-Macaulay complexes. The conjecture is that sequentially Cohen-Macaulay complexes can be partitioned into Boolean intervals indexed by the h-triangle.
Shelling.
Many well-known combinatorially de ned families of pure simplicial complexes are shellable, and this often provides the easiest way to verify that these complexes have certain nice properties, such as Cohen-Macaulayness (see, e.g., Bj1, BW1] This is the same as the earlier de nition of shellability except only that we no longer require the complex to be pure, although we do allow it to be pure. Collapsing.
Finally, we present a conjecture inspired by Theorem 5.1 and by collapsing, which is related to nonpure shelling.
De nition (Kalai (11) such that h i;j (K) = #fa 2 A: jF a j = j; jR a j = ig (12) and every F a is a facet in K.
It is not hard to see that if K is sequentially Cohen-Macaulay and has the partition (11), then the partition satis es equation (12) if and only if every F a is a facet. This is the nonpure generalization of a conjecture made (separately) by Garsia Ga, Remark 5.2] and Stanley St2, p. 149], that a Cohen-Macaulay complex can be partitioned into Boolean intervals whose tops are facets (see also St5, Du] ). Conjecture 6.3 is equivalent to being able to partition a relative Cohen-Macaulay complex into Boolean intervals whose tops are facets.
